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Abstract. We study finite Galois extensions of the rational function 
field of the projective line P^(F5) over a finite field of q elements de- 
fined by considering quotient curves by finite subgroups of the projective 
linear group PGL{2,q), and we enumerate them expressing the count 
in terms of Stirling numbers. 

1. Introduction 

Let denote by Fp the Galois field of p elements. Any other field F of 
characteristic p contains a copy of Fp. Any V = ¥p field extension of Fp is 
a Fp vector space and a n — 1 dimensional projective space P"~"'^(Fp). 

The multiplication map niy : F* — )• F* , mapping x y x is Fp2-linear 
and induces an automorphism of the projective plane P^(Fp2) of order p^. 

Two points X = {xo,xi,X2) and y = {yo,yi,y2) £ FpS are equivalent if 
and only if yi = txi for i £ {0, 1, 2}, for some t £ ¥*. Therefore the number 

of points in P^(Fp) is ^Jj/ = p'^ +p+l and dually there are p"^ + p+ 1 lines 
in P^(Fp). There are p+1 points on every line and p+ 1 lines through every 
point. By induction on n, we easily see that the number of points in P"'(Fp) 
is p^ + + . . . + p + 1. 

In the present note, we study genus g projective plane algebraic curves 
that are d sheeted coverings of P^ and we count them over Fp. Each iso- 
morphism class over Fp is counted with the reciprocal of the number of 
Fp — automorphisms . 

Definition 1.1. Given a polynomial f £ ¥p[x,y, z], the curve Cf = V{f) 
defined on P^(Fp) is nonsingular. More precisely V{f) is the set of rational 
points of the curve C and f is the ideal generated by f in ¥p[x,y, z]. The 
degree d of the curve is the degree of its polynomial. 

Let us denote by F the function field of the curve Cf and by P(F) the set 
of places of F. For P G P(-F) we denote by Op the valuation ring of P, and 
by vp the discrete valuation induced by P in F. The set of places Pi(i^) 
of F of degree one are called rational places of -F, i.e. N{F) = |Pi(F)|. In 
the present paper, we will concentrate in curves that are coverings of the 
projective line F^(F|j) where g is a power of a prime p. Moreover in Theorem 
12.7^ we characterize all coverings of P^(Fg) by projecting its automorphism 
group to the known finite subgroups of PGL{2,q) the automorphism group 
of the rational function field. 
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2. KUMMER EXTENSIONS OF THE RATIONAL FUNCTION FIELD 

From now ¥q will be a field with q = elements and C a non-singular, 
projective, irreducible curve defined over ¥q, defined by the vanishing locus 
of a polynomial F G ¥q[xo,xi,X2]- We define the number N of Fg— rational 
points on the curve to be 



The number of points C{¥qr) on C over the extensions F^r of ¥q is encoded 
in an exponential generating series, called the zeta function of C: 



Theorem 2.1. The number of ¥q rational points of a nonsingular plane 
curve C of genus g and degree d satisfies the following hounds: 

(1) (Hasse-Weil hound) N <q + l + 2g^; 

(2) (Stdhr-Voloch bound) N <l{2g-2 + {q + 2)d). 

(3) (Weil) C{¥q2) <l + q^ + 2qg. 

The curve C is called Fg2— maximal if it attains the upper bound above; 
i.e. if one has 



curves H/G, where G is a subgroup of the automorphism group of H. 

Lemma 2.2. Any finite Galois extension F = ¥p{t) F' correspond to a 

Galois covering C P^Fp) with Gal{C/¥^{¥p)) = Z^, the cyclic group of 
order the degree d of the minimal polynomial of the extension F ^ F' . 

Proof. Let ¥p{t) be the rational function field of the projective line P^(Fp). 
One can consider towers ¥p[td.) or Fp(id), as d varies through powers of the 
prime p or through all integers not divisible by the characteristic of the 
ground field, that is p. The corresponding field extension F = ¥p{t) 
F' = Fp(y), where y is a d— root of the polynomial a{t) = — u ^ Pp(^) 
is a finite Galois extension of degree d. Moreover F'/F is an extension of 
Kummer type and F^ is the full constant field. □ 

Remark 2.3. One of the main problems in coding theory is to obtain non- 
trivial lower bounds of the number N{Fi) of rational places of towers of 
function fields {Fi/¥q}^i such that Fi C i^j+i. 

Lemma 2.4. Every Galois cover of the projective line, after a birational 
transformation can be written in the form 



N = |{(xo,xi,rc2) G ¥\¥q)\F{xo,xi,X2) = 0}|. 





hermitian curve H, which can be given by the plane model: 




s 



i=l 



SOME REMARKS ON COVERINGS OF THE PROJECTIVE LINE OVER FINITE FIELDS 



Proof. By Lemma 12.21 any Galois cover of the projective line P^(Fp) cor- 
responds to a finite field extension F ^ Fiu) with y a d— root of the minimal 
polynomial a{t) = f^-u £ ¥p{t). Let 5 = Pi(F)\{poles and zeroes of u in F}. 
For any P G 5 we have that the polynomial ap{t) := — u{P) factorizes in 
¥(i[t] into pairwise distinct irreducible factors (see [CTj ) . □ 

Remark 2.5. (1) The covering ramifies exactly at the places x = pi, 
and the corresponding ramification indices are defined by Ci = , 

with di the corresponding multiplicity of pi. If d = Yli=i'^i — ^' 
then the place at oo does not ramify at the above extension. The 
only places of F that ramify are the places Pi that correspond to the 
points x = Pi. 

(2) The genus of the function field F' can be computed with the aid of 
the Riemann-Hurwitz formula to be g = (" ^) _ 

(3) If {n,di, . . . ,ds) = 1, then F' is a Kummer extension of the rational 
function field F of order n. 

(4) The condition (n, di) = 1 is a stronger condition for all i = 1, . . . , s. 

Definition 2.6. A curve C is a p— cyclic cover of the projective line if and 
only if has a base point free linear system. If the linear system is unique, 
then the Galois cyclic group Gal{C is normal in G. A sufficient condi- 
tion for gp to be unique is the inequality: 

2 < n < - + 1. 

Theorem 2.7. (1) We can determine all possible Galois coverings of 
the projective line by considering every finite subgroup of the projec- 
tive linear group PGL{2,q), the automorphism group ofF^{¥q). 
(2) For each fixed degree d, the number of d— sheeted coverings y'^ = 
fn{x) o/P"'^(Fq) defined overFq is given by the sum X]fe=i(^')fc' where 
{p)k is the falling factorial polynomial q-{q—l) . . . {q—{k — l)), divided 
by the order of the affine transformation group of = P-^\oo, that 
is q^ — q. 

Proof. We observe that any Galois covering of the projective line P^(Fq) 
is given by a surjective morphism it : y ^ F^{¥g), where 3^ is a curve such 
that y/G is isomorphic to P^(Fg), being G a finite subgroup of PGL{2,q) 
the automorphism group of the rational function field acting on P^(Fg) by: 

U dj-^^' AePGLi2,q). 

If G = PSL2{q) (respectively, PGL2{q)) with q < 5 (respectively, g < 4), 
then G is isomorphic to one of 53,54,^4 or ^5. If G = PSL2{q) with 
5 < q = p'^, for some prime number p and some positive integer e, G is a 
quotient of a certain triangle group: 

Tr,s,t =< x,y,z : x" = y"" = z* = xyz = 1 >, 

where r, s, t are integer numbers such that ^ + ^ + j < 1, the group Tr^s,t is 
called a hyperbolic triangle group. 
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In order to prove the second part ot the Theorem, we need to count all 
the polynomials fnix) that define a d— sheeted covering of the projective 
line, by counting polynomials depending on the number of different roots. 

Thus the number of separable polinomials of degree n over is g". The 
number of monic polynomials with n — 1 different roots is 
q{q — l){q — 2) . . . (q — n+1), that is known as the falling factorial polynomial 
{q)n and it is the generating function for the signed Stirling numbers: Q- 

Q(n) = 9(g - - 2) . . . (g - n + 1) = Ylk=o k)q^. 

One can immediately see, that {q)i = q, because the number of poly- 
nomials with one different root is q, independently of the degree n of the 
polynomial /(x). The number of polynomials with k different roots, where 
1 < A; < 71, is given by the falling factorial polynomial {q)(k)- 

Since only oo G is distinguished, we must further divide by the group of 
affine transformations of = P^\oo. Since the order of the transformation 
group is — g, we have that the number of q curves over ¥g expressible as 
d— sheeted covGriiigs of IP^ is the fcilling factorial polynomial — 2)^^. 

□ 

Remark 2.8. The case in which P^(Fg) is covered by a curve C determined 
by a finite subgroup G < PGL(2, q) such that the corresponding projection 
to the quotient surface C ^ C/G = P^(Fg) is branched over 3 points plays 
an important role in the study of Beauville surfaces, (see |SG] ). 

Remark 2.9. Theorem \2. 7| gives a motivation for the study of quotient 
curves arising from subgroups of PSL{2,q) or SL(2,q). 

2.1. The curve + = 1. Ihara showed that if a curve C is maximal 
over Fq2, then 

Up to Fg2— isomorphism, there is just one maximal curve over Fg2 with 
this genus, the Hermitian curve Ti which can be given by the equation 
j^g+i _|_ 2/9+1 _j_ -[^ _ Q ^]^jg ggction we consider maximal curves C{n,m) 
given by the equation y"* + = 1 over a finite field k of q^ elements. Let 
us call by Fn^m the function field k{x,y) of the C{n,m), where + = 1 
and let Gn,m be its automorphism group. 

Theorem 2.10. (Kontog corgis) The group Gn.m is given as a central ex- 
tension: 

where Dm denotes the dihedral group of order 2n. This extension splits if 
and only if m is odd. In this case, Fn^m — l^m x Dn- In case m\n and 
n — 1 = q is a power of the characteristic, the group of automorphisms is 
given as a central extension: 

1^ Gn,m ^ PGL{2, q) 1. 

As in the previous case, this extension splits if and only if m is odd. 



Stirling numbers of the second kind is the number of ways to partition a set of n 
objects into k non-empty subsets and is denoted by s{n, k) 



SOME REMARKS ON COVERINGS OF THE PROJECTIVE LINE OVER FINITE FIELDS 



In the case n = q — 1, the group of automorphisms Gn,m surjects into 
the projective hnear group PGL{2,q). The curve is given by the equation 
y-m _ j.q-1 _|_ Pqj. g^jjy finite subgroup G < PGL{2, q), we can consider the 
quotient curve Cn,m/ G. 

Proposition 2.11. For any element A G PGL{2,q), the function field of 
the quotient curve Cq-i^m/ < A > is the invariant field under the action of 
the group generated by A. 

Proof. Consider an element A E PSL(2, q) such that its characteristic 
polynomial P{X) = — aX + 1, where a is the trace of A has two distinct 

roots in ¥q, ^ ^ , where a G F* and a + = a. Let us call the 

group generated by the element < ^ > as Gi. Then the function field 
of the quotient curve Cn,m/Gi is the invariant field under the action of 
A G PSL(2,q), so the automorphism of k(x,y) with equation A{x,y) = 
{ax, a~^y). Then the subfield k{x, y)'~'^ consisting of all elements fixed by A 
is k{fj., t) where /i = x'^""'^ and r = xy. 

Now we consider the element S = ^ ^ ^ in PSL{2, q) with a G 

F*2\F* acting on P^(Fq) without fixed points. Then the function field of the 
quotient curve Cn,m/G2, where G2 is the group generated by the element 
B G PGL{2,q), is the subfield k{x,y)^^ = k{j,6), with 7 = j;*?'-! and 
6 = x~'^y. 

Finally, we consider any of the elements ^ ~ ^ q ]^ ^ acting on P^(Fg) 

with one fixed point by C{x,y) = (x + y,y). If G3 is the subgroup < C > 
generated by this element in PGL{2,q), the quotient curve Cn,m/G^ is the 
invariant subfield by the action of the automorphism G. □ 

Remark 2.12. The points Pq = (a,0) and Pi = (/3,0) with = 1 and 
/?" = 1 are rational points of the curve Cn^m since Tn\q — 1 and the root 
divisors of the elements x,y £ k{x, y) are expressed as div{y) = mP^ and 
div{x) = nPi. 
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